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Proofs of Statements

We use 0 to denote the derivative operator of a single variable function, d, to denote the partial derivative
operator of a multi-variable function with respect to variable x, and 1;.; to denote the indicator function.
For any multivariate continuously differentiable function f(x1,x2, -+ ,x,) and T := (1,2, - ,Z,) in f(-)’s
domain, Vi, we use O, f(Z1,Z2, -+ ,%,) to denote 0,,f(x1,%2, - ,%n)|s=z. The following lemma is used

throughout our proof.

LEMMA 2. Let Fi(z,Z) be a continuously differentiable and jointly concave function in (z,Z) fori=1,2,
where z € [z,Z] (z and Z might be infinite) and Z € R™. Fori=1,2, let (z;, Z;) := argmax, , F;(z,Z) be the
optimizers of Fi(-,-). If z1 < za, we have: 0,F1(21,721) < 0. Fs(22, Z5).

=0 if21>§,
<0 itz =g

=0 if22<2,

Proof: z1 < 23,80 2 < 21 < 2 < z. Hence, 0, F1 (21, Z1) { >0 if ~
= I z2=2z,

and 8ZF2 (ZQ, ZQ) {
i.e., 8ZF1(217Z1)SOSaZFQ(ZQ,ZQ). QED

Proof of Lemma 1: We prove parts (a) - (c¢) together, using backward induction.

We first show, by backward induction, that if the normalized value function, V;_1(l,_1|c;—1) —¢i-11; 1, is
concavely decreasing in I, _; for any ¢, 1, we have H,(y|c,) is concavely decreasing, J;(z;,q;,d;|c;) is jointly
concave, and V;(I;|c,) — ¢,1I, is concavely decreasing for any given ¢,. It is clear that Vo (Io|co) — colo = —coly
is concavely decreasing for any cg, so the initial condition is satisfied. Moreover, it’s clear from the continuous
distribution of €; that L(-) is continuously differentiable and concavely decreasing.

For any realization of ¢, and &, h:(y|e:, &) := a[Vie1 (y — €:]8:(ce, &) — s:(ce, &) (y — €4)] is concavely decreas-
ing in y since V;_1 (I;_1|ci_1) — ¢;_11;_1 is concavely decreasing for any ¢;_;. Because concavity is preserved
under expectation, H,(y|c;) = E, ¢, {h:(yle:, &)} is also concavely decreasing in y for any c,.

For any fixed ¢;, R(d:|c;) = (p(d;) — b — ap(c,))d, = R(d,) — (b + ap(c))d; is strictly concave in d;.
(b— ¢+ api(c;))x, and (ap,(e;) —yer)q, are linear and, thus, concave in x, and g;, respectively. Since L(-)
and H,(-|c;) is concave for any given ¢;, L(z, — d;) and H,(z, + q; — d;|c;) are jointly concave in (x;,d,;) and

(24, q:,d;), respectively. Therefore,
Ji(@4: Gr, diler) = R(deler) + (b — e + ape(co))ze + (pe(cr) — ver)qe + L@, — di) + Hi(we + g0 — difer)

is jointly concave in (x4, ¢y, d;) for any c¢;. Concavity is preserved under maximization, so V;(I;|c;) is also

concave in I;. Suppose I; > I, F(I;) C F(Iz), so we have

Vt(Il|Ct)_Ct11: max Jt(wtuqtadt|ct)< max Jt($t7Qt7dt|Ct):Vt(Iz|Ct)_CtIQa

(zt,qt,dt)EF(I1) T (we,q¢,de) EF(I2)

i.e., Vi(I;]|e;) — c.I; is concavely decreasing.
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Next, we show that if V;_;([;_1|c;—1) is continuously differentiable in I, ; for any ¢, 1, J;(x;, g;,d;|c;) and
Vi(I;|c;) are continuously differentiable for any ¢,. For t =0, V(Ip|co) = 0 is continuously differentiable for any
¢o. To show the continuous differentiability of J,(x;, g;, d;|c;) for any ¢;, since R(d;|c;)+ (b— ¢, +ap(c;))z, +
(ape(cs) —vee)ge + L(xy — dy) is continuously differentiable in (¢, q;,d;) for any ¢, it suffices to prove that
H,(y|c;) is continuously differentiable for any ¢;. Since ¢, is continuous and V;_1(I;_1|c;_1) is continuously
differentiable for any ¢, 1, E., {h:(y|e;, &) |€: } is continuously differentiable in y and its derivative is given by:
OyEe, {he(yles, &)|& } =B, {[Or,_, Vic1(y — €] se(cr, &) — selcr, &) (y — €0)]1&: }, where the exchange of differen-
tiation and expectation is easily justified using the canonical argument (See, e.g., Theorem A.5.1 of Durrett
(2010), the condition of which can be easily checked observing the continuity of 97, _, Vi—1(L—1]¢+(c, &) and
that the distribution of ¢, is continuous.). Apply the same exchangeability of differentiation and expectation

argument, we have, given any ¢;, H,(y|c;) is continuously differentiable and its derivative is given by

ByHt(y|ct) = 6y]Eq,£t{ht(y|6ta &)} = Ee, {(%]Eq {he(yle, &€} = E, ¢ {a[aftfl‘/;fl (y—edlsi(c, &) —siler, &) (y—e)]}-

Hence, Ji(x:,q:,d:|c:) is concave and continuously differentiable for any c¢;. By the envelope theorem,
Vili|er) = ey + max (o, a0)er(1,) Je (4, @i, di| ;) is continuously differentiable in I,.
t

It remains to show the finiteness of V;(I;|c;). Note that V;(I;|c;) < (3°;_, @'~1)pd and is, thus, uniformly
bounded from above by (3., a/~!)jd. Hence, all statements in Lemma 1 hold.  Q.E.D.

Proof of Theorem 1: Parts (a) - (b) follow directly from the joint concavity of J,(-,-,-|c;).

Now we show part (d). The continuity of a7 (I;,¢;), ¢ (I}, ¢;), and d; (I, ¢;) follows from the concavity of
Ji(+,+,-|e;). For the monotonicity results, we only need to consider the case I, > x,(c;), i.e., (I}, c,) = ;.
First, we show 2} (I;, ¢;) + ¢; (I;, ¢;) and d; (I, ¢;) are increasing in I;. Let w, := I + q;, we rewrite the objective

function for the case I, > x;(c;) as
Jtl (wta dtv It|ct) = R(dt) + A(It - dt) + ‘I/t(wt - dt|ct) — Yy wy + ’YCtIt,

where A(-) and W,(+|-) are defined in (2). Since A(-) and ¥, (+|c;) are concave in y for each fixed c;, J! (-, -, |c;) is
jointly supermodular in (wy, d;, I,). Since the feasible set [I,, +00) x [d, d] x R is a lattice, z} (I, ¢,) +q; (I, ¢,) =
w; (I, ¢;) and df (I, ¢,) are increasing in I, for any fixed ¢,.

Next, we show A (I, ;) is increasing, whereas ¢; (I, ¢;) is decreasing, in I,. Rewrite the objective function

as

Jf(Atu —(, It|ct) = R(It - At) + A(At) + \I]t(At - (_qt)lct) +’7(_qt)'

Since A(-) and W,(-|c;) are concave in y for each fixed ¢;, J2(-,,|c;) is jointly supermodular in (A;, —g:, I;).
Since the feasible set [I, —d, I, — d] x (—00,0] x R is a lattice, A¥(I,,¢,) and —q;(I,,c,) are increasing in I,
for any fixed ¢;. Thus, ¢ (I;,c;) is decreasing in I;.

Finally, we show part (c). It remains to show the existence of I (c;). Suppose lim;, , . q;(I;,¢;) =

¢. > 0. Since V, ;(|) is uniformly bounded from above by Y., a''pd < +oo. Hence,
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limy, 10 0r,_, Vici(li—1]ei—1) <0 and limy, 400 Oy, Je (Ity @, df (It ¢0)|c) < —7yey < 0, which violates the

first order condition with respect to ¢;. Therefore, ¢. =0. Hence, I (¢;) =min{/l; : ¢; (I;,c;) =0}. Q.E.D.

Proof of Theorem 2: First, we rewrite the objective function J;(x;,q;,d;s|c;) as in Equation (2), where
A(y) =B {—hly— )" —bly— )~} and W,(yle,) i= A, ¢, (Vi1 (y — erlselen €)led

Part (a). If b <c; — ap(cs), b— ¢ + aps(c:) <0 and, thus, J;(-,¢:,d;) is decreasing in z; for any (g;,d;)
and ¢;. Since we select the lexicographically smallest optimizer, z;(c;) = —co. Now we suppose y¢; < ¢; —b <
apg(c). If x4(e;) > —o0, the first order condition with respect to ¢, implies that 9,%,(z.(c:) + q:(c:) —
di(ci)|es) < yee, and, hence, 0,, Ji(x4(ct), qe(ct), de(ce)|ce) <b—+ ey — e <0, since 9,A(y) <b. The first order
condition with respect to x; suggests that b+ ye; — ¢, =0 and 9, A(x¢(¢;) — di(ct)) = b= 9, A(—00). Therefore,
(x(e) — 8, q1(ct) +6,d:(cy)) is another unconstrained optimizer of J; (x4, g;, d:|c), for any 6 > 0. This contra-
dicts the assumption that (x:(c:),q:(c:),d:(c;)) is the lexicographically smallest optimizer. Hence, z;(c;) =
—00, if b <max{c; — yer, ¢ — apg(c) }-

Part (b). If y¢, > au(c;), by Theorem 1(a), sup, 0, ¥, (y|c;) < apue(cy) < ye,. Hence,
SUD,, cR, g >0, ¢ [a,d) 1 Oae ¢ (Tt iy difci) } < yep —ye, < 0. Since we choose the lexicographically smallest opti-
mizer, g;(c;) =0.

Part (c). For t =1, observe that lim, , o, 9, Hi(y|lc1) = —api(c1). If b<cq, sup{0,, J1(z1,q1,d1]c1)} <
b—c1 + aui(c1) — api(er) <0, for any x,. Hence, z,(c;) = —oo. On the other hand, if b — ¢; > 0,

Opy J1(x1,q1,d1|c1) > b’;l >0 as x; = —00, le., x1(c1) > —o00. Q.E.D.
Proof of Theorem 3: Part (a) We show that V;(I;|c;) is convexly decreasing in ¢, by backward induction.
Observe that Vo(Iplep) =0 for any Iy and is, thus, convexly decreasing in cy. It suffices to show that if
Vio1(Ii_1|cs—1) is convexly decreasing in ¢;_1, V;(I;|c;) is convexly decreasing in ¢;, given s;(c;, &;) is concavely
increasing in ¢; for any realization of &;.
For any é;, ¢, let n € [0,1] and € =n¢é, + (1 — n)c,. For any given z;, ¢;, d, and realized ¢, and &,,
NVic1 (e + @ — di — €] 5:(6,&)) + (L =) Vier (2 + @ — di — €] s¢(cr, &)

>Vior(ze+ g0 — di — €[nsi (6, &) + (1 —m)si(cr, &)

>Vio1(ze + g — di — €]5:(C, &),
where the first inequality follows from the convexity of V;_1(I;_1|c;—1) in ¢;_1, the second from the concavity
of (¢, &) in ¢; and the monotonicity that V;_1(I;_1|c;_1) is decreasing in ¢;_;. Moreover, since s;(c;,&;) is
increasing in ¢; for any realized &, Vi_1(x; — d; — €|s:(ct,&;)) is convexly decreasing in ¢;. Since convexity

and monotonicity are preserved under expectation,
el + Jt(xtv qt, dt|ct) = R(dt) - Ct(fEt - It) — YCtqt — A(xt - dt) + aEet,Et {thl(fﬂt +q—di — €t|5t(cta &))}

is convexly decreasing in ¢y, since x; > I;. Convexity and monotonicity are preserved under maximization
operated on a family of convexly decreasing functions, so V;(I;|c;) is convexly decreasing in ¢;. This completes

the proof of part (a).
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Part (b). We show part (b) by backward induction, i.e., if §;(¢;,&;) >cw Si(ct, &) and V},l(It,ﬂct,l) >
Vier(Ii—q|e,—y) for all (I_y,ci_1), Vi(L|e) > Vi(I]e,) for all (I,,¢,). Since Vo(Io|eo) = Vo(Ioleo) = 0 for all
(Io, co), the initial condition is satisfied.

Vi(L|e) = eI, + max{R(d,) — ey — yeoqe + Az, — dy)
+aR[V 1 (2 + ¢ — di — €] 3, (e, &))led] : (20,0, i) € F(I,)}
ey + max{R(d;) — c,x; — yeiqr + A, — dy)
+aB[Vi 1 (24 @ — dy — €]s:(c, &) : (@4, qo, dy) € F(I,)}
eIy + max{R(d;) — c,x; — yeiqr + A, — dy)
FoB[Vioi(x+ ¢ — di — &lsi(cr, &)l s (20, g0, di) € F(L)}
= Vi(Le|cy),

Y%

Y%

where the first inequality follows from the convexity of V},l(It,lH, and the second from the inequality

‘Z‘fl(‘[t—ﬂctfl) > Wfl(lt—l|ct71) for all (It—lactfl)- Q.E.D.

Proof of Theorem 4: First, part (a). As in Equation (3), we rewrite J, (2, q, d|c,) = Ji (A, qi, dy|c;) in
terms of (A, q;,d;). It’s clear that maximizing J,(x;, g;, d;|c;) is equivalent to maximizing jt(At, qi,di|c.). By
(3), di(ct) = argmaxy, ¢ (4 g1 R(d:) — cid;} follows immediately.

We now prove parts (b) - (c) together by backward induction.

We need to show that, if Or, , V,_1(Li—1|é—1) > O1,_, Vic1(Li—1]ci—1) for any é_q1 > c¢,—1 and I,_1 € R, for
any & > ¢y, (a) di(é) <di(ct), (b) df (I, é) <di(I;,c¢.), and (c) 01, Vi(I;|é,) > 01, Vi(It|e,) for all I,. For t =0,
01, Vo(Io|éo) = 01, Vo (Ip|co) =0 for any é, > ¢;. The initial condition is, thus, satisfied.

Without loss of generality, we assume that z,(¢;) and x.(c,) are finite, i.e., x.(é),z:(c;) > —o0. Our
argument can be easily extended to the extreme case in which x(¢é,) = —o0 or z;(¢;) = —oc0. We rewrite
the objective function J,(z,q:,d;|c;) as (2). First, we show that if & > ¢, 0,9 (y|é;) > 0,Y.(y|c,).
Since & > ¢y, $:(¢:,&:) >s.a Se(ct,&). As in the proof of Lemma 1, we have the following: 9,V,(y|é;) =
aE,, ¢, {01,_,Vic1(y — €]5:(6,6))} > aBe, ¢, {01, _, Vic1(y — €]s:(ce, &)} = 0,V (y|c:), where the inequality
follows from the assumption that 9;, , Vi_1(Li—1|é:—1) > 01,_, Vi1 (I4—1|ci—1) for any é_1 > c¢,_1.

d,(é;) < d;(c;) follows directly from (1) and the concavity of R(-). Now we show d;(I;,¢é;) < di(I;,¢,) for
all I,. If I, <min{z, (&), x:(c)}, di (1, é) = di (&) < di(ey) =di (I, ¢r)-

If I, > max{x:(¢;),z:(c;)} and d; (I, &) > di (I, ¢;), the concavity of A(-) implies that 0, A(I; —d; (I, &)) >
O NIy — di (I, c)). IE I € [xi(ee), I (c)] N [xe(é), I (é)], the first order condition with respect to ¢
yields that 0,V.(I; + ¢;(I;,¢) — di (I, é,)|¢) = v¢e > ver = 0,9 (L + q; (I, ¢) — di (I, ee)|er). If I, >
max{I; (&), I (c:)}, since 8, U, (y|é;) > 0,V (yler), O,V (I — d (I, ¢:)|é:) > 0, W, (I — dj (14, ¢t)|ct). Therefore,
if I € [we(ce), I (co)] N [xe (ér), L7 ()] or Iy > max{I; (&), I; (ce)}, Oy Ue (I +qf (Iy, &) — di (I, )| é:) > 0, W, (1 +
q; (L, cp) — di (I, ¢e)|ee). Since di(Iy,é) > di (I, ¢), Lemma 2 yields that 04, Ji(Iy, qf (It, ), df (I, é:)|é:) >
g, Ji (L gt (I, ¢1), df (I, ¢ )|c;). Therefore,

R(dy (Ii,¢0)) = Oa, Je(Le, q; (I, &), di (L, &) 6) + Oy ALy — di (L, ) + 0, Vo (Le + q; (Lt &) — dy (L1, &) |é)
> 04, Je(It, qf (It, cr), di (I, )| ) + Oy ATy — df (I, ¢0)) + 0, VoI + ¢ (I, co) — d (I, ¢e)|ce)
= R'(d; (L, ct))-
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which violates the strict concavity of R(-). This contradiction proves that dj(l;,¢;) < d;(I;,c;) if I, €
[me(ce), I} ()] O e (&), Iy (6)] or 1, > max{I}(¢,), I} (ct)}-

If z,(¢) > x(c,) and I, € [x,(c),x:(¢)], df (L, é) = df(2:(Er),6) = di(ér) < di(er) = df (zi(ct), ) <
d; (I, ¢;), where the inequalities follow from Theorem 1(d). Likewise, if z;(c;) > 2 (&) and I, € [x:(é;), x4 (c)],
we have df (I,,¢,) <d;(z.(c), &) < di(z(er), ;) =di (I, ¢,). Applying the same argument, we can show that
d; (L, ¢) <d; (I, c,) for I € [I7(¢y), I7 (&) or I € [I7(é:), I (c¢)]. Therefore, d; (I;,¢) < di(I;,c;) for all I.

To complete the induction, we need to show 95, V;(I;|é,) > 05, Vi(I;|c;) for any I,. First we assume that I, >
max{z(c;),x:(¢)}, O, Vi(li|er) = O, A1y — df (I, ¢)) + 0,9 (I + q; (Lt ¢0) — df (I, ¢)|ee) and Op, Vi(1i|é) =
Oy NIy — di (I, &) + 0,9 (I + qf (It ¢) — di (L, é)|é). I df(1;,é:) < di(Ii,¢:), Lemma 2 implies that
Oa, Jo (I, @ (Li, &), di (I, &) |6¢) < O, e (L, g (It ¢t), di (I, ¢i)|c) and the strict concavity of R(-) implies that
R/(d; (I, ¢é;)) > R'(d; (I;,¢;)). Therefore,

O Vi(lile)) = 0, AL, — dy (11, ¢,)) + 0, Vo (Lo + q7 (11, &) — dy (1, €.) )
=R'(d; (11, ¢:)) — Oa, Jo (L, q; (Li, &), di (11, 64)| )
> R'(d; (I;,¢0)) — 04, Ji (Ii, g (I, ¢0), di (I, ¢0)|e)
=0, A(I, = dj (I}, ¢.)) + 0,9, (It + g7 (Iy, ) — dy (I}, i) ee)
=05, Vi(Li|e:).
If d; (I, ¢:) = di (1, ¢,), there are two cases (a) q; (I, &) > q; (I, ¢), and (b) qf (I, ¢é) < qf (I, c.). I q; (1, ¢,) >
q; (It, c), Lemma 2 implies that 0, (I; + q; (I, &) — di (It, é:)|é:) — ¢ > 0, V(I 4+ q; (11, ¢0) — di (I, ¢r)|cr) —
Yer, de, 0,0, (1 + qf (L, &) — di (I, é)|ee) > 0,V (I, + q; (I, c.) — di (I, co)ler). I qf (I, e) < q; (L, ce),
0,V (yléy) > 0,V (y|c,) implies that 0,V (I, + q; (I;,¢) — d; (I, ¢)[¢) > 0,% (I, + q; (I, ¢0) — di (I, ¢0)|ce).
Moreover, since di(I;,¢é) = di (I, ¢.), O,A(I, — di(I;,¢,)) = O,A(I, — di(I;,c;)). Therefore, O, Vi(1;|é;) >
05, Vi(I;|e,) for all I, > max{x,(c;),x:(¢;)}.

If I, <min{x(ct),x:(E)}, O, Vi(li|é) = é > ¢ = 0, Vi(li|er). U I € [xi(ct), 2:(é:)], O Vi(li|é:) = & >

¢ 20, Villile,). I I € [2,(Er), 2 (er)], Or, Vi(Li|é) > 01, Vi(mi(cr)|é:) = 01, Vi(xi(cr)|er) = e; = 01, Vi(Li|e,). This

) 4
(L,

completes the induction and, thus, the proof. Q.E.D.

Proof of Theorem 5: For all parts, without loss of generality, we assume that z,(é),z:(c;) > —oo. Our
argument can be easily extended to the extreme case in which z,(¢é;) = —oco or z,(¢;) = —o0.

Part (a). Since ¢;(¢;) > 0, the first-order condition with respect to ¢, implies that 9,%,(A.(c;) +
g (ci)|er) = yer. Since 2, (¢,) > —o0, the optimality of A,(c;) yields that da, J,(Aq(c:), g (ci), di(c:)) = 0. Hence,
O, A(A(e)) — (L —=7)er + 0,V (As(ey) + qi(cr)|er) — ye, = 0 and, thus, 9,A(A(¢;)) — (1 —v)c, =0. Since A(+)
is concave, the KKT theorem implies that A,(c,) = argmax,, {A(A,) — (1 —7v)c A}

Part (b). We consider the case v < 1 only, because the case v =1 follows from similar argument. Since

q:(c;) > 0, the first-order condition with respect to ¢, implies that

O,V (As(cr) + qeles)|ee) —vee = 0> 0, U (A (&) + qe(€:)|ée) — yé. (4)
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If Ay(é) > A¢(ey), Lemma 2 implies that
Oy A(A(Er)) + 0, V(A (Ee) + qelér)]ee) — &0 2 Oy A(Ar(cr)) + 0,V (As(ce) + qelcr)|cr) — o (5)

Inequalities (4) and (5) imply that 9,A(A,(é)) — O, A(AL(er)) > (1 —~)(é — ¢;) > 0, which contradicts the
concavity of A(-). Therefore, A,(é,) < A,(c;) and, thus, x,(¢;) = Ai(é) + di (&) < Ayey) + di(cr) = xi(ey).
i (I, ¢,) <xi(I;,c;) follows immediately from (&) < z.(c;).

Part (c). Since ¢;(é;) >0, the first-order condition with respect to g, implies that
Oy Wi (AL(&) + G (&) [E) =7 =02> 0, W (Ay(cr) + qi(cr)|c) — e (6)
If Ay(es) > Ay(é;), Lemma 2 implies that
Oy A(A(cr)) + 0, Wi (Ar(er) + au(er)er) — e > 0y A(AL(Er)) + Oy Wi (A () + @ ()] Er) — ¢ (7)

Inequalities (6) and (7) imply that 9,A(A;(c;)) — O, A(AL(é)) > (v — 1)(é — ¢;) > 0, which contradicts the
concavity of A(-). Therefore, A;(é;) > A¢(cy), if v>1 and ¢(é)>0. Q.E.D.

Proof of Theorem 6: We prove parts (a) - (c) together by backward induction.

We need to show that: under the condition that v =1 and k,(c;) is decreasing in ¢, if 07, _, Vie1(Ly—1|é—1) —
¢io1 <0r,_ Vici(Li—1]ee—1) — ce—1 for any é_1 > ci—1, (a) Ay(é) < Ag(er), (b) x(é) < zi(ey), (¢) I (&) <
I (cy), (d) ¢ (I, ¢) < ¢ (I, ct), and (e) O, Vi(1;)é:) — é < O, Vi(Ii|e) — ¢, for any é, > ¢,. Note that
01, Vo(Io|éo) — éo = —éo < —co = 01, Vo (Io|co) — co. Hence, the initial condition is satisfied.

Without loss of generality, we assume that z,(¢é;), z:(c;) > —oo. Our argument can be easily extended to the
extreme case in which z;(é;) = —oo or z;(c;) = —00. Since v =1 and k;(c;) is decreasing in ¢;, b — ¢, + oz (¢)
and the risk-premium of the forward-buying contract ¢;(c;) := au,(c;) —yc; are both decreasing in ¢;. It’s clear
that Or,_, Vic1(Zy—1|éi—1) — é—1 < O1,_, Vici(Ly—1|ci—1) — ¢s—1 for any é_q > ¢,_1 implies that 0,H,(y|é;) <
0y H(y|c:) for any é, > ¢,. We also have that 0y, R(d;|é;) < 04, R(d¢|c:). The first order condition with respect

to x, implies that:

b— ¢+ o (&) + Oy L(AL(¢:)) + Oy Hy (A (é4) + q:(é)]é:) =0, ()
b—c+ap(c) +0,L(A(c)) + 0y Hy (Ar(ce) + q(ce)|ee) = 0.

If ¢,(¢:) > qi(c¢), Lemma 2 implies that:

o (C0) — E+ Oy Ho (A (80) +qe(64)[60) = Og, Jo(4(64), 00 (C0), di(E0)]E4)
> O Je(e(cr), i (o), dilce)|ce) (9)
= ap(cr) — e+ 0y, Hi (Ar(cr) + qe(ce)|cr)
Hence, b+ 9,L(A(é)) < b+ 9,L(A(ct)). (10)

Since aps(é:) — é < api(cr) — ¢iy (9) also implies that 9, Hy(As(cy) + qe(er)|er) < Oy Hi(A(é) + q:(E)]E)-

Hence, A,(ct) + qi(ct) > A(é) + q.(é), by 0,H(y|é,) <, H(yle:). So we have A,(c;) > A;(é). Therefore,
inequality in (10) must hold as equality. The concavity of L(-) implies that 9,L(A) is a constant for A €
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[A;(é),As(c)]. Since the lexicographically smallest optimizer is selected, the firm with ¢, should decrease
A,(c;) and increase g¢;(c;), which contradicts the selection of (x;(c;),q:(c;),d:(c;)). Therefore, q,(é;) < q.(c;).
If q,(é) = q:(ce), (8) yields that A,(¢;) < A.(e,) and, hence, x,(¢,) = d;(é,) + Ay (&) < di(er) + Ay(c) =
xi(cr). If ¢4(é:) < g+(c¢), Lemma 2 implies that the inequalities in (9) and (10) are reversed. The concavity of
L(-) yields that A,(¢;) < A,(c;) and, thus, x:(¢,) < x(c,).
We next show that ¢; (I;,¢) < q;(I;,c;) for all I,. If I, € [x,(¢,), z:(ct)], qf (Iy, ¢) < q:(é:) < gi(e;). Assume

that I, > x:(c,) and ¢ (I, ¢,), ¢ (It, ¢) > 0. The first order condition with respect to ¢, suggests that:

{aut(ét) — b+ 0, H (I, + @ (I, &) — dx(I,,&)]é,) =0, )
Cy

api(c) — e+ O H (I + q; (I, i) — di (1, ¢0)|er) = 0.
Since oy (&) — & < apy(ey) — ¢y Oy Hi (I + qf (I, é,) — di (I, é)|¢:) > 0, Ho (I + g (I, ¢) — df (I, ) |ey). Since
Oy Hi(yle) <Oy H(yler), q; (I, &) — d; (I, &) < g; (I, ¢;) — d; (11, ;). Therefore, g; (I1,¢) < g; (I1,¢;). Thus, we
have that I7(¢,) < I (c).

To conclude the proof, we need to show 9, V;(I;|é;) — & < 0;1,Vi(Ii|c:) — ¢, for any & > ¢, If I, < xi(cy),
O, Vi(Li|é:) — & <0=0r,Vi(Li|e:) — ¢ If I € [w4(ct), I (¢:)] (without loss of generality, we assume x;(c;) <
Ir(é)), (11) holds. Therefore,

O, Vi(I|é,) — & =b — ¢+ apy (&) + O, L(I; — d; (11, ) — o (&) + &
=b+0,L(I, — d;(I;,¢;))
<b+0,L(I; — d; (L;,ct))
=01, Vi(Liler) — e,
where the first equality follows from the envelope theorem and the inequality follows from the concavity of

L(-). If I, € [I7 (&), I} (c4)],

ap(é) — 6+ O, Hy (I + qf (I, ¢) — di (I, ¢,)|6) < ape(cey) — e+ O H (I + q; (I, ¢0) — dy (I, ¢)|ee) = 0.
Therefore, O Vi(Iy|é,) — & < b— &+ ap(é) + 0, L(I, — di (I, ¢,)) — ape (é4) + &
=b+9,L(I, —d; (I, ¢))
< b+ 0, L(I, — d; (I}, c:))
= 0, Vi(Ii|er) — ¢;.

If I, > I} (o), ¢ (It, ¢:) = q; (I, ¢;) = 0. Since d; (I;,¢,) < di (I, c;) and 0, H,(y|é,) < 0,H:(ylct),
O, Vi(Ii|é,) — &, =b— & + au(é,) + 0, L(I, — d; (I, &)) + O, He (I — d; (I, &) )
<b—c;+aui(cr) + 0, L(I; — d; (I, ¢.)) + O, Hy (I, — d; (I, ¢t) )
=0, Vi(Ii|es) — ¢
Thus, 95, V;(L;]é:) — é < 01, Vi(Ii|e;) — ¢; for all ;.  Q.E.D.

Proof of Theorem 7: We show parts (a) - (e) together by backward induction.
Without loss of generality, we assume that Z,(c;), x:(¢;) > —oo. Our argument can be easily extended to the

extreme case in which #,(c;) = —o0 or z:(c;) = —oo. We only provide the proof for the case ¢;(c;) > 0, since
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the other case, ¢;(c;) = 0, can be proved using the same method with simpler argument. Rewrite the objective
function J,(x,q.,d;|c,) as (2). Correspondingly, we define J,(-,-,-|c,) and W,(-|¢;) as the counterparts of
Ji(-y+,+|c:) and W,(+|¢;) in the model with procurement cost process {3:(c:, &)}
We first show that if 9, ¥, (y|c,) > 8,%,(y|c,) for all y, parts (b) - (e) hold. This condition holds for t =t,.
The first order condition with respect to x; implies that
Ay A (& (c) — di(cy)) + 0,9, (& (c) + Gu () — di(cy)
=0, A(z,(c;) — di(cr)) + 0,V (i (cr) + qi(cr) — di(ce)
By (1), dy(c;) = dq(c;). Since g(c;) >0, from (12), A,(c,) = Ai(cy), Zo(er) = zo(cy), and G (ce) > qu(ce).

If I, > x,(c;) = @4(cy), assume that ¢ (I;,c;) < ¢ (I;,c;). Lemma 2 implies that 9,9.(I;, + ¢} (I;,c;) —
dr (I, ¢,)|e,) > 8,0,(I, + qt (I,,¢.) — d; (I, ¢)|e,). Since 9,%,(yle)) > 8,9, (yle,) for all y, q;(IL,¢) —
di(I,c.) < @ (L,c) — di(I,c,). Hence, di(I,c;) > di(I,c,). Thus, Ar(L,c,) = I, — di(
I, — d:(I,,¢;) = Ar(I,,¢,). By the concavity of A(-), we have: 9,A(A:(I,,¢)) + 0,9 (g
A; (L e)|e) = 0,M(Ar (I, ¢)) + 0,9 (G (I, ¢) + Ar (1, ¢,)|e,). By Lemma 2, di(I,,¢,) > di (I, ¢,
that 8a, Jo (I, q; (L, ¢0), di (I, ¢0)| ) = O, Jo (L, G (I, ¢0), di (I, ¢,)| et ). Therefore,

RI(d; (Iy, b)) =0a, Jo (I, af (e, co), di (I, co)|ee) + Oy AMAT (I, ¢0)) + Oy We(q; (Lo, o) + AY (L o))
>04, Jo(1, 4} (I, ), d; (I, ) ce) + ,A(A; (I, ) + 0, W, (d; (I, ¢0) + A; (I, ¢4)|er)
:R/(CZ: (I, ¢0))
However, d;(I,,c,) > di(I,,c,) suggests that R'(d:(I,,c,)) < R'(d:(I,¢,)). This contradiction implies that
q; (I, ct) = q; (I, ¢) and, thus ff(Ct) 2 I (ct).

If 1, € [x7(ee), I} (cr)], ¢ (Iy, ¢¢) > 0 and §; (14, ¢;) > 0. The first order condition with respect to ¢; implies that
By, (I, + q; (I, ¢e,) — i (I, ¢)) = 0, W, (I, + G; (I, ¢) — i (I, ¢,)) = ye,. This equality, together with the first
order condition with respect to d,, implies that d; (L, ¢,) = di (L, ¢,). I I, > I7(c.), qf (I, ¢;) = ¢ (I, ¢¢) = 0.
If d; (I,,¢,) <d;(I,,c,), Lemma 2 implies that d,, J,(I,,0,d;(I,,¢,)|e;) > 8a, J,(I,,0,d; (I, ¢,)|c,). Therefore,

R'(d; (I, ¢t)) =04, Jo (L1, 0, d; (I, ¢i)|ce) + Oy A(A] (I, ¢0)) + Oy Ve (AT (I, ¢0)|ce)
>0u, J(1,,0,d; (I, ¢0)|er) + 0,A(A; (1, ¢0)) + 0, W, (Af (1, ¢.)|ey)
=R/(d; (I, 1))
However, d;(I,,c,) > di(I,,c,) suggests that R'(d:(I,,c,)) < R'(d:(I,¢,)). This contradiction implies that
di (I, ¢,) < d (L, c,) for I, > I7(c,).

If I (c,) < I, < I7(c,), ¢ (I,,¢:) >0 and ¢} (I,,¢,) = 0. The first order condition with respect to ¢, implies
that 9, W, (I, —d; (I,,¢,)) < 0,0, (I, + G (I, ¢,) — d: (I, ¢,)) = ye,. I di (I, ¢,) < di (I, ¢,), Lemma 2 yields that
O, Jo (L, @ (I, ¢0), di (I, ¢0)) > 0, Jo (I, 0, d; (I, ¢;) ). Therefore,

R'(d}(I;,¢t)) =04, Jo(I1, 0, d; (I, ¢0)|ee) + O, ATy — df (L, ¢r)) + 0, Wi (L — d (I, )| ct)
<0u, oI, 45 (I, ce), dy (I, 0l ee) + 8, AT, — di (I, ) + 8,0, (I, + G; (I, ) — d; (L, 1))
:R'(J:(It,ct))
However, di(I,,¢,) < di(I,,c;) implies that R'(d:(I,,c,)) > R'(d;(I,,¢;)). This contradiction shows that
di (L, ¢,) > di (I, ¢,) for all I, >z} (c,) if 9,0, (y|e,) > 8,%,(y|e,) for all y. Ar(L,,¢,) > Az (I, ¢,) then follows
from d: (I,,¢,) > d; (I, c,).

: (12)

=~

7Ct) <
(iyee) +
)

implies



Xiao, Yang, and Zhang: Dynamic Pricing and Inventory Management under Fluctuating Procurement Costs
Article submitted to Manufacturing € Service Operations Management; manuscript no. 9

To complete the induction, we show that if 8,%,(y|c,) > 9,V,(y|c,) for all y, 8;,V,(L|ec,) > 91, V,(I,|¢,) for
all I. If I, < x,(c;) = #4(cy), 91, Vi(Li]er) = 01, Vi(Li]er) = cx.
If 1, € [2,(co), I7 ()], O,9. (I, + q; (I, ) — di (I, ¢)|er) = 0,9, (I, + G; (L, ¢.) — d; (I, ¢,)|e) = e, and
d; (I,,¢,) = d; (I, c,). Hence,
O Vi(L|e,) =0, AT, — i (I, ¢,)) + 0, W, (I, + G (I, ¢) — d (I, ¢)|er)
=0,A(I, —d; (I;,¢,)) + 0,V (I, + ¢ (I, c;) — d; (I, ¢)|er)
=0, Vi (It|c:).

It I, € [I;(c), I} (c))], 8,9,(I, — d; (I,,¢,)|e,) < 0,9, (I, + G; (I, ¢,) — d: (I, ¢,)|e) = yer, and di (I, ) >
d:(I,,¢,). We consider two cases d; (I,,¢,) = d; (I,,¢,) and di(I,,¢,) > di (I, ¢,). The same argument as the
one in the proof of Theorem 4 yields that d;,V,(I,|c,) > 8y, Vi(I,|c,) for I, € [I}(c.), I} (¢,)).

If I, > I7(c,), q; (I,,¢;) = G; (I, ¢;) = 0. The same argument as the one in the proof of Theorem 4 shows
that 8;,V,(I,|c,) > 85, V(L)) for I, > I7(c,). Finally, 8;,V,(I,|c,) > 8;,V,(I,|c,) yields that

0y Wi (yleer1) = aB{0r Vily — €lseri(cert, &a1))} = aB{OL Vi(y — €501 (Covr, E1))} = 0, U epa (yleiq).

Since 8,V,(y|c,) > 8,%,(y|c,) for t =t,. The initial condition is satisfied. Hence, Theorem 7 follows for all
t>t.. Q.E.D.

Proof of Theorem 8: We prove parts (a) - (c) together by backward induction.

Without loss of generality, we assume that xs,(c;),z,.:(c;) > —00 and g5 (cs),¢,.:(c;) > 0. Our argu-
ment can be easily extended to the extreme case in which x5 ,(c;) = —00, x,+(c;) = —00, ¢3,.(c;) =0, or
¢+,t(c;) = 0. We need to show that if dr,_ Vi ,—1(Li—1|ce—1) > Or,_, Vaiio1(Lmalei—1), (8) Asi(er) > A, 4(ce),
(b) d5 (It,e0) < df (L, cr), and (c) Or, Vs i(Li|er) > 01V, 1 (Li|e,). Since V; 0(+|co) = V,0(-|co) =0, the initial
condition is satisfied.

We define W .(y[c:) := E{V;.:(y — €|se(cr, &))ler} and W, o (yler) :=E{V, o (y — ecfse(ce,&))lec}. It's clear
from O, Vieo1(Zi—1lci—1) = Or,_ Vo1 (Li—1|ei—1) that 0,05 (y|e:) > 0,9, +(y|c;) for any y. ds.(c:) =
d,(c;) follows directly from equation (1). The first-order condition with respect to ¢; implies that
0, V5 (A5 1 (ct) + qz.e(ce)|er) =Fee > yee = 0,9, (A, 1 (e) + g, (ct)|ee), and that with respect to z, implies
that 0,A(As.(ce)) + 0y Ws,e(As.0(ce) + g5.0(ce)lce) = Oy A(Ay e (ce)) + 0y Wy 1 (As e () + gy e (ct)|ce) = ¢ Hence,
Oy A (A5 () = (1 —H)er < (1 —7)er = O,A(A, +(ct)). The concavity of A() yields that As(c;) > A, :(ct)
and, thus, x5 +(c;) = A5 ¢(c) +ds.(ce) > A i(ce) +dy e (cr) = 2 4 (cy). It follows immediately that A% (I, c;) >
AY (I, e0) and 3, (L, ¢0) > 22 (1, ¢q).

If I, € [x,(ce), x5, (ce)], dfﬁyyt([t,ct) =ds(cr) = dyi(ce) < df (L, e0). I Iy > 25 4(c) and dif%t(lt,ct) >
d: (I, ci), OyMI — d ,(Iy,¢)) > OyA(I, — d (I, c.)). There are two cases: (a) i (L, ¢:) > ¢& (I, ¢0),
and (b)g; ,(Ir,¢) < @ (L, o). I @3 (I, e0) > ¢ (I, ¢;), Lemma 2 implies that 0,5 (1, + ¢ ,(I;,¢0) —
dz (Lo co)le) = 0, (L + ¢ (e, ) — d5 (Lo e)le). IE g5 (T e) < @5 (Lo, ee), 0y W5.(yler) = 0,V (yler)
and the concavity of W5 ,(:-|c;) and W, ,(-[c;) imply that 9,95, (I, + ¢ ,(L;,c) — d (I, ci)|c) > 0,V (1 +
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@ (1, ) —d (I, ¢;)|¢;). Thus, in both cases, 8y\I!;,,t(It+q};yt(It, ¢t) —d;yt(It, ¢)ler) > By\I!%t(It—i—qu’t(It, ¢)—
d (Ii,ci)le). Since d (I, ¢.) > df (I, c,), Lemma 2 implies that 04,J5.(Li,q% (1i;¢0),d (I, co)|ce) >
Oa, I 4 (I, @ (11, ¢0), 5 (11, ct)|e,). Therefore, we have:

R(d5 (Iy,¢t)) =0, J5 .4 (L, @5 (Ly, ¢0), d5 ((Ly, co)lee) + O AL — d5 (1, ) + 0y W5 o (L + 5 (Ly, ) — 5, (I, ) |ce)
>0u, Sy (Lo, @ (I, c0), A2 (Tyy co)lee) + O ATy — d (T, ) + 0,9 o (I + ¢ (Ty, ¢0) — d5 (T, c0)|cy)
:R/(d'*y,t(‘lhct))u

which contradicts the strict concavity of R(-). Hence, d% (I, c;) < d% (I, c;) for all I,.

To complete the induction, it suffices to show that dr, V5 ,(Ii|c;) > 01, V., . (It|c;) for all I,. If I, < x5 ,(c,),

01, Vi (I]er) = ¢, > 01,V 1 (I]c;). Now we consider the case I; > x5 .(c;). There are two cases (a) d , (I, c;) =

d: (Ii,c), and (b) d (I, c;) < d (I, cp).

If di (L, ce) = d2 (Ii, ¢0), O ALy — d (I, ¢0)) = Oy A(I, — (I}, c¢)). Moreover, if g2 ,(Iy,¢) > ¢, (I, ct),

Lemma 2 implies that 0,Vs (I, + ¢; ,(L;,c;) — d5 (Ii,e)ler) = 0,9, (L + @ (Li,¢0) — & (L, ¢0)|er). TF

@ (Iee) < @ (Lyer), 0yV54(yle) > 0,V 4 (yle:) and the concavity of Ws,(-|c;) and W ,(-|c;) imply

that 0,5 (I, + ¢ (I, c) — d5 (Li,c0)lee) > 0,9, (I + ¢ (I, ¢0) — d (11, ¢)|er). Thus, in both cases,

0,Y5 (I, + q}*ht(lt,ct) - d,fyyt(]t,ctﬂct) > 0,9, (I, + q,’;)t(lt,ct) - dfht(It,ct)|ct). Hence, 0r,Vs.(Ii|c;) =

O NI —dz (I, ¢0) + 0, W5 (I + ¢ (I, ) — dz (I, )| ee) > O, AT, — 2 (I, ¢0)) + 0, (1 + ¢ (T, 1) —

d (I, c)ler) = 0, Vy o (L] ce).

Ids (Ii,e0) <di (Iy,¢0), R'(d5 (I, ¢0)) > R(d5 (11, ¢0)), and, by Lemma 2, Oy, J5 (11, %, (I, 1), d5 (I, ) |er) <

Oay Iy (L, @ (11, ¢0), d2 o (11, ¢t)|ci). Therefore,

O, Vi u(Liley) =0,A(1; — d, (I, ct)) + 0, Vs o (L + @5, (I, ) — 5 (1y; ¢0)|ce)
=R (d* (i) — Wf(Itvq»yt(IUCt)’ W(It,ct

>R(d; (Ls,¢0)) = Oay S e (Lo, @5, (Lis 1), w(Itth

=0, AL, = d., ,(I;;¢0)) + 0,V (I + ¢ (I, ) — d  (1y, ¢0)|ee)

=01,V (L lce).

D, e
D, e

t
)
)
Sl

Therefore, dr, Vs +(I;|c,) > 01,V +(It|c:) for all I,. This completes the induction and, thus, the proof of parts
(a) - (c).

Part (d) follows from analogous argument to the proof of Theorem 6. Hence, we omit its proof for brevity.
Q.E.D.

Numerical Studies

We now specify the transition probability matrices for the procurement cost processes in Sections 6.2 - 6.3,
and give a numerical example in which the optimal forward-buying quantity is not monotone in the current

procurement cost.

Transition Probability Matrix in Section 6.2

The transition probability matrix for the procurement cost process in Section 6.2, P, is given by:
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1/6, ifi=0,20, |j —i <5;
17, ifi=1,19, [j—i <5;
1/8, ifi=2,18, [j —i| <5;
P,={1/9, ifi=3,17,|j—i|<5;
1/10, ifi=4,16, |j —i| <5;
1/11, if5<i<15, |j—i|<5;

0, otherwise.

Transition Probability Matrices in Section 6.3

We use P, P, and P to denote the transition probability matrix for {¢,}, {¢:}, and {¢}, respectively. Let
P,, P, and P, denote the i*" row vector of P, P, and P.

For ¢=0,1,2,
p=(1,1111100,0,0,0,0,0,0,0,0,0,0,0,0),
P=(1,4,111110,0,0,0,0,0,0,0,0,0,0,0,0,0),
é:(;,;,;,;,;,;,;,o0000000000000)
For ¢ =3,
p=(0,1,1,1,11110,0,0,0,0,0,0,0,0,0,0,0,0),
P=(444 311 10110.0,0,0,0,0,0,0,0,0,0,0),
= (4,1,1,1 1 111100 0,0,0,0,0,0,0,0,0,0).
For ¢ =4,
P,=(0,0,1,2,1,21 11 0,0,0,0,0,0,0,0,0,0,0,0),
{ P=(0,5.5:%:%: 3 8% :$:0,0,0,0,0,0,0,0,0,0,0),
b= (b s s 2 25 135,0,0,0,0,0,0,0,0,0,0).
For ¢ =5,
P,=(0,0,0,2,1,1,1 1110,0,0,0,0,0,0,0,0,0,0),
{ b=(0,0,3,2, 1,11 1 1°11.60,0,0,0,0,0,0,0,0),
P= (0,4, 2, o,y b, o, 2, 2, 25,0,0,0,0,0,0,0,0,0).
For i =6,7,8,
P,=(0,0,0,0,%,1,1 1.1 110,0,0,0,0,0,0,0,0,0),
{ P,=(0,0,0,3,4, 21 171 1°11.0,0,0,0,0,0,0,0,0),
P=(0,0,7, &, &, & &, L, £.0,0,0,0,0,0,0,0).
For ¢+ =09,
P,=(0,0,0,0,0,0,0,%,2,1 1111 0,0,0,0,0,0,0),
{ P,=(0,0,0,0,0,0,3,4, 1.1 11 1°110.0,0,0,0,0),
P,=(0,0,0,0,0, %, &, &, &, L L L L L 1 100,0,00).
For + =10,
P, =(0,0,0,0,0,0,0,0,%,%, 1,1 1 11 0.0,0,0,0,0),
{ P,=(0,0,0,0,0,0,0,5. 5.5, 5: 55+ 55 5:0,0,0,0,0),
P,=(0,0,0,0,0,0,%, &, &, L L L L L L 1 1.00,00).
For i =11,
P, =(0,0,0,0,0,0,0,0,0,%,1, 2 1 11 100,0,0,0),
{ P (0,0,0,0,0,0,0,0,%, 1,1 1 1 1 111 0.00,0),
P,=(0,0,0,0,0,0,0, %, &, & L L L L L L 1 1.00,0).
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For i = 12,13, 14,

— 111 1 1 1 1
Pji_(05070507050705070707757577777575770507050)7
_ 111111111
Pii_(07070707070707070757§7§757575757575707070)7
Pi:(anvoaovoaovoaovﬁv%al_lla%a%v%v%a%a%?%?%’ovo)'
For ¢ =15,
_ 1111111
Pii_(07070707070707070707077777777777777707070)7
_ 111111111
Pii_(07070707070707070707575757575757575757070)7
D _ i1 1 1 1 1 1 1 1 1 1
Pi_(070707070707070707ﬁ7ﬁuﬁuﬁaﬁaﬁuﬁuﬁuﬁaﬁaﬁu )
For 7 =16,
_ 1111111
Pii_(0707070707070707070707077777?77777?777070)7
— 111111111
I:)i_(Oa070507050705070707075555575755555757550)7
D _ i1 1 1 1 1 1 1 1 1 1
Pi_(0707070707070707070737ﬁuﬁuﬁ7ﬁ7ﬁuﬁuﬁ7ﬁ7ﬁuﬁ)'
For 1 =17,

Pi:(07070707070707070707070707%7%7%7%7%71 1 0)7
1 11

I:)i:(07050705070507070705050557év%aga57575555%)7
Pi:(070707070707070707070707%7%7%7%7%7%7%7%7%)'

For i = 18,19, 20,

P,=(0,0,0,0,0,0,0,0,0,0,0,0,0,0,%, %, 7, %, 7% 7 )

YTOTITTTITITT
1111

Pi:(Oa07050705070507070707070707%7%a%57777757)5
Pi:(0507Oa0705070307070707070707%7%a%5%7%7%5%)'

It’s clear from the entries of P, P, and P that §t(ct,§t) > o e, &) Zew 81(cy, &) for each ¢;.
Non-Monotone Forward-Buying Quantities

In Theorem 6(c), we show that when the procurement cost grows more rapidly at a lower cost level (i.e.,
ki(ct) = aus(cs) — ¢ is decreasing in ¢;) and the spot-purchasing and forward-buying channels are equally
costly (i.e., ¥ =1), the firm should order less through the forward-buying contract at a higher spot-purchasing
cost. In this subsection, we give a numerical example to illustrate that when the above conditions are violated,
there is no monotone relation between the optimal forward-buying quantities and the current procurement
cost. We use the same numerical setup as in Section 6.1, except that the backlogging and holding costs, and
spot market procurement cost processes are different. More specifically, in this example, the expected demand
is linear in price: d(p;) = a — kp; with market size a = 1 and price sensitivity k = 1. The random component of
D, follows 4.i.d. normal distributions with mean 0 and standard deviation ¢ =0.2. The maximum expected
demand is d = 0.8 and the minimum expected demand is d = 0.2. The holding cost is h = 0.05 and the
backlogging cost is b =0.5. We set a =0.99 and v = 0.95. The planning horizon length is T'=2. We assume
that procurement cost is driven by a 5-state Markov chain given in Table 3.

We use P to denote the transition probability matrix of the cost process, where P;; is the probability that
the cost in the current period is ¢; given that the cost in the previous period is ¢;. P;; can be summarized

as follows:
1/2, ifi=0,4,[j—i|<1;

P;=<1/3, ifi=1,2,3,]j—1 <1;

0, otherwise.
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Table 3 Procurement Cost States

t Co Cq Co C3 Cy
1 0.15 0.35 0.40 0.60 1.00
2 0.20 0.30 0.40 0.50 0.60

Given the above model setup, it’s easy to see that k.(c;) is not decreasing in ¢; for ¢ = 2. Figure 3 plots
the optimal forward-buying quantity for each procurement cost in period 2, ¢;(¢;), which is not monotone in

the current spot market procurement cost c;.
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